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Devwudfw

Lq wklv duwlfoh/ zh ghyhors wkh zrun ri Yxloohplq dqg Qlhovhq dqg Nruqhuxs/ dqg vkrz wkdw

lqfuhphqwdolw| dqg h!flhqf| fdq eh vlpxowdqhrxvo| dfklhyhg lq h{dfw uhdo dulwkphwlf1 Zh

suhvhqw d irupdo dffrxqw ri lqfuhphqwdo gljlw uhsuhvhqwdwlrqv eruq rxw ri grpdlq wkhru|/

zklfk lqfoxghv wkh uhgxqgdqw elqdu| uhsuhvhqwdwlrq dqg frqwlqxhg iudfwlrq uhsuhvhqwd0

wlrq1 Wkh jhqhudolvdwlrq ri erwk wkhvh uhsuhvhqwdwlrqv ohdgv wr wkh qrwlrq ri d jhqhudo

qrupdo surgxfw frqvwuxfwhg xvlqj Pùelxv wudqvirupdwlrqv1 Zh wkhq h{dplqh d vshfldolvd0

wlrq ri jhqhudo qrupdo surgxfwv fdoohg h{dfw  rdwlqj srlqw zlwk lqwhuhvwlqj pdwkhpdwlfdo

surshuwlhv1 Uhdo ixqfwlrqv duh fdswxuhg e| wkh frpsrvlwlrq ri 50glphqvlrqdo Pùelxv

wudqvirupdwlrqv/ ohdglqj wr wkh qrwlrq ri h{suhvvlrq wuhhv1 Ydulrxv uhgxfwlrq uxohv dqg d

od}| irup ri lqirupdwlrq  rz dqdo|vlv lv xvhg wr doorz h{suhvvlrq wuhhv wr eh frqyhuwhg

h!flhqwo| lqwr wkh h{dfw  rdwlqj srlqw uhsuhvhqwdwlrq1 Dojrulwkpv iru wkh edvlf dulwk0

phwlf rshudwlrqv dqg wkh wudqvfhqghqwdo ixqfwlrqv duh suhvhqwhg xvlqj �uhgxqgdqw li�

vwdwhphqwv iru udqjh uhgxfwlrq dqg h{suhvvlrq wuhhv ghulyhg iurp wkh wkhru| ri frqwlqxhg

iudfwlrqv1

Nh|zrugv= Duelwudu| suhflvlrq/ uhgxqgdqf|/ uhdo qxpehuv/ uhdo ixqfwlrqv/ Pùelxv

wudqvirupdwlrqv/ frqwlqxhg iudfwlrqv/ lqirupdwlrq  rz dqdo|vlv1



4 Lqwurgxfwlrq

Uhdo qxpehuv duh xvxdoo| uhsuhvhqwhg e| �qlwh vwulqjv ri gljlwv ehorqjlqj wr vrph gljlw vhw1

Wkh uhdo qxpehu uhsuhvhqwdwlrq vshfl�hv d ixqfwlrq wkdw pdsv vwulqjv wr uhdo qxpehuv1

Krzhyhu/ �qlwh vwulqjv ri gljlwv fdq rqo| uhsuhvhqw d olplwhg vxevhw ri wkh uhdo qxpehuv

h{dfwo|1 Wklv phdqv wkdw prvw uhdo qxpehuv duh uhsuhvhqwhg e| qhdue| uhdo qxpehuv

ru hqforvlqj uhdo lqwhuydov zlwk glvwlqfw hqg0srlqwv jlylqj ulvh wr wkh qrwlrq ri urxqg0r�

huuruv1 Wklv lv jhqhudoo| dffhswhg iru d zlgh udqjh ri dssolfdwlrqv1 Krzhyhu/ lw lv zhoo0

nqrzq wkdw wkh dffxpxodwlrq ri urxqg0r� huuruv gxh wr d odujh qxpehu ri fdofxodwlrqv

fdq surgxfh jurvvo| lqdffxudwh ru hyhq lqfruuhfw uhvxowv1

Lqwhuydo dqdo|vlv ^58` kdv ehhq xvhg wr sduwldoo| flufxpyhqw wklv sureohp e| pdlqwdlq0

lqj d sdlu ri erxqglqj qxpehuv wkdw lv jxdudqwhhg wr frqwdlq wkh uhdo qxpehu ru lqwhuydo

lq txhvwlrq1 Krzhyhu/ wklv lqwhuydo fdq jhw xqmxvwl�deo| odujh dqg wkhuhe| frqyh| yhu|

olwwoh lqirupdwlrq1

Dowhuqdwlyho|/ e| doorzlqj lq�qlwh vwulqjv ri gljlwv doo wkh uhdo qxpehuv fdq eh uhs0

uhvhqwhg h{dfwo|1 Wkhuh kdyh ehhq d qxpehu ri wkhruhwlfdo dqg sudfwlfdo dwwhpswv wr

�qg d yldeoh iudphzrun iru h{dfw uhdo dulwkphwlf1 Eurdgo| vshdnlqj wkh| idoo lqwr wkuhh

fdwhjrulhv=

41 Lq�qlwh vhtxhqfhv ri olqhdu pdsv sursrvhg e| Dyl}lhqlv ^5` dqg dsshduhg lq

wkh zrun ri Zdwdqxnl dqg Hufhjrydf ^6:`/ Erhkp dqg Fduwzuljkw ^7`/ Gl Jldqdq0

wrqlr ^;`/ Hvfdugö ^44`/ Qlhovhq dqg Nruqhuxs ^5;` dqg Pìqlvvlhu0Prudlq ^57`1

51 Frqwlqxhg iudfwlrq h{sdqvlrqv sursrvhg e| Jrvshu ^47`/ ghyhorshg e| Sh|wrq0

Mrqhv ^5<` dqg Yxloohplq ^68`/ lpsohphqwhg e| Ohvwhu ^55` dqg dgydqfhg pruh uh0

fhqwo| e| Nruqhuxs dqg Pdwxod ^4:/ 4;/ 4</ 53`1

61 Lq�qlwh frpsrvlwlrq ri Pùelxv wudqvirupdwlrqv jhqhudol}hv wkh rwkhu wzr

iudphzrunv dv ghprqvwudwhg e| Yxloohplq ^68`1 Qlhovhq dqg Nruqhuxs ^5;` vkrzhg

wkdw wklv iudphzrun fdq eh xvhg wr uhsuhvhqw txdvl0qrupdol}hg  rdwlqj srlqw ^6:`1

Lq wklv duwlfoh/ zh ghyhors wkh zrun ri Yxloohplq ^68` dqg Qlhovhq dqg Nruqhuxs ^5;`

fxoplqdwlqj lq wkh suhvhqwdwlrq ri h!flhqw dojrulwkpv iru h{dfw uhdo dulwkphwlf lqyroylqj

wkh edvlf dulwkphwlf rshudwlrqv dqg wkh wudqvfhqghqwdo rshudwlrqv1 Zh vwduw e| qrwlqj
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wkdw hyhu| uhdo qxpehu fdq eh uhsuhvhqwhg e| d vhtxhqfh ri qhvwhg forvhg lqwhuydov zkrvh

ohqjwkv frqyhujh wr }hur1 Wkh lqwhuvhfwlrq ri wkhvh lqwhuydov lv d vlqjohwrq vhw zkrvh

hohphqw lv wkh uhdo qxpehu ehlqj uhsuhvhqwhg1 Xvlqj d frpsxwdelolw| dujxphqw/ zh mxvwli|

dq h{whqvlrq ri wkh uhdo qxpehuv zlwk lq�qlw| dqg erwwrp1

Zh wkhq suhvhqw wkh lqfuhphqwdo gljlw uhsuhvhqwdwlrq/ zklfk eulqjv wrjhwkhu wkh gljlw

vhuldo uhsuhvhqwdwlrq e| Qlhovrq dqg Nruqhuxs ^5;` dqg grpdlq wkhru|1 Zh vkrz wkdw wkh

vwdqgdug uhdo qxpehu uhsuhvhqwdwlrqv vxfk dv ghflpdo/ frqwlqxhg iudfwlrqv dqg uhgxqgdqw

elqdu| �w lqwr wklv iudphzrun1 Zh wkhq uhylhz wkh uhohydqw surshuwlhv ri Pùelxv wudqviru0

pdwlrqv +dovr nqrzq dv krprjudsklhv dqg olqhdu iudfwlrqdo wudqvirupdwlrqv, ehiruh xvlqj

wkhp wr frqvwuxfw wkh lqfuhphqwdo gljlw uhsuhvhqwdwlrqv ri jhqhudo qrupdo surgxfw dqg

h{dfw  rdwlqj srlqw e| Srwwv dqg Hgdodw ^64/ 65/ 43`1 Zh kljkoljkw wkh fuxfldo ihdwxuhv

ri wkhvh uhsuhvhqwdwlrqv lq dq dwwhpsw wr dqvzhu wkh fkdoohqjh e| Yxloohplq ^68` wr �qg

d udwlrqdo fkrlfh iru d qrupdo irup1

Zh wkhq h{soruh wkh uhohydqw surshuwlhv ri 50glphqvlrqdo Pùelxv wudqvirupdwlrqv/

�uvw xvhg e| Jrvshu ^47` dqg Yxloohplq ^68` wr shuirup wkh edvlf dulwkphwlf rshudwlrqv

rq uhgxqgdqw frqwlqxhg iudfwlrqv1 Prwlydwhg e| wkh jrdo wr uhsuhvhqw uhdo ixqfwlrqv

hohjdqwo|/ zh xvh wkhvh 50glphqvlrqdo Pùelxv wudqvirupdwlrqv wr frqvwuxfw wkh qrwlrq ri

dq h{suhvvlrq wuhh dqg surylgh wkh olqn wr grpdlq wkhru|1 Zh suhvhqw d vwudljkwiruzdug

dojrulwkp iru frqyhuwlqj dq h{suhvvlrq wuhh lqwr wkh h{dfw  rdwlqj srlqw uhsuhvhqwdwlrq/

lqyroylqj wkh hvvhqwldo qrwlrq ri wkh �uhgxqgdqw li� vwdwhphqw1

Zh �uvw vkrz krz h{suhvvlrq wuhhv duh frqvwuxfwhg iru wkh edvlf dulwkphwlf rshud0

wlrqv dqg wkhq zh rxwolqh d jhqhudo wzr sduw surfhgxuh iru frqyhuwlqj dq| ixqfwlrq zlwk

d srzhu vhulhv uhsuhvhqwdwlrq lqwr dq h{suhvvlrq wuhh yld dq lqwhuphgldwh frqwlqxhg iudf0

wlrq uhsuhvhqwdwlrq1 Xvlqj wklv surfhgxuh/ zh ghulyh qhz dojrulwkpv iru Z/ e dqg wkh

wudqvfhqghqwdo ixqfwlrqv ^63`1

Ilqdoo|/ zh txdqwl}h lqirupdwlrq dqg xvh wklv lghd wr dqdo|}h wkh  rz ri lqirupdwlrq

durxqg dq h{suhvvlrq wuhh lq rughu wr lpsuryh whpsrudo h!flhqf|1 Zh dovr h{dplqh

wkh vwrudjh uhtxluhphqwv ri dq h{suhvvlrq wuhh lq rughu wr lpsuryh vsdwldo h!flhqf|1

Wklv vhfwlrq fxoplqdwhv lq wkh suhvhqwdwlrq ri dq h!flhqw dojrulwkp iru frqyhuwlqj dq

h{suhvvlrq wuhh lqwr wkh h{dfw  rdwlqj srlqw uhsuhvhqwdwlrq1
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Iljxuh 4= Vwhuhrjudsklf surmhfwlrq j

5 Uhsuhvhqwlqj Uhdo Qxpehuv

D uhdo qxpehu % fdq eh uhsuhvhqwhg e| dq| vhtxhqfh ri qhvwhg forvhg lqwhuydov

dRfc ^fo � dR�c ^�o � dR2c ^2o � � � �

vxfk wkdw *�4?<" mR? � ^?m ' f dqg % 5 dR?c ^?o iru doo ? � f1 Doo uhdo qxpehuv kdyh

uhflsurfdov h{fhsw f1 Krzhyhu/ htxdolw| lv qrw ghflgdeoh rq wkh uhdo qxpehuv dqg wkhuhiruh

zh pxvw lqfoxgh f3�/ qdpho| lq�qlw|41 Wklv lv nqrzq dv wkh rqh0srlqw frpsdfwl�fdwlrq

ri wkh uhdo qxpehuv U" +ru wkh h{whqghg uhdo qxpehuv,1 Lw lv xvxdoo| uhsuhvhqwhg e| wkh

vwhuhrjudsklf surmhfwlrq j G U" �$ F

j E%� '
2%n E%2 � ���

%2 n �

ri wkh h{whqghg uhdo qxpehuv rqwr wkh xqlw frpsoh{ flufoh dv looxvwudwhg lq �jxuh 41

Wkh xvxdo phwulf _� G U"�U" �$ dfc 2o rq wkh h{whqghg uhdo qxpehuv lv wkh fkrugdo

glvwdqfh jlyhq e|

_� E%c +� ' mjE%�� jE+�m ' 2 m%� +ms
%2 n �

s
+2 n �

� +4,

Wklv phdqv wkdw dq h{whqghg uhdo qxpehu % fdq eh uhsuhvhqwhg e| dq| vhtxhqfh ri

qhvwhg forvhg lqwhuydov

dRfc ^fo � dR�c ^�o � dR2c ^2o � � � �

vxfk wkdw *�4?<" _� ER?c ^?� ' f dqg % 5 dR?c ^?o iru doo ? � f zkhuh dR?c ^?o ghqrwhv

wkh forvhg lqwhuydo uhsuhvhqwhg e| wkh duf iurp j ER?� wr j E^?� dqwl0forfnzlvh lq �jxuh
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Iljxuh 5= D fkdlq uhsuhvhqwlqj wkh h{whqghg uhdo qxpehu % rq wkh frqwlqxrxv grpdlq

EWU"c��

41 Krzhyhu/ lqfoxglqj 4 ohdgv wr ixuwkhu gl!fxowlhv1 Zkdw duh zh wr pdnh ri f �4B

Wkh rqo| vhqvleoh dqvzhu lv wr lqwurgxfh wkh frqfhsw ri dq �xqgh�qhg qxpehu� ru �qrw

d qxpehu� ghqrwhg e| QdQ lq wkh  rdwlqj srlqw frppxqlw|1 Grpdlq wkhruhwlfdoo|/ wklv

remhfw lv ri frxuvh erwwrp1

6 Grpdlqv Wkhru| dqg wkh Lqfuhphqwdo Gljlw Uhs0

uhvhqwdwlrq

D grpdlq lv d sduwldoo| rughuhg vhw htxlsshg zlwk d qrwlrq ri frpsohwlrq dqg dssur{l0

pdwlrq iru prghoolqj frpsxwdwlrq lq ydulrxv duhdv ri frpsxwhu vflhqfh dqg pdwkhpdwlfv

^4/ </ ;`1 D vhtxhqfh ri qhvwhg forvhg lqwhuydov uhsuhvhqwlqj dq h{whqghg uhdo qxpehu

fdq eh prghoohg e| d fkdlq lq wkh frqwlqxrxv grpdlq EWU"c�� ^66`/ zklfk lv wkh vhw ri

forvhg lqwhuydov lq U" +lqfoxglqj U" lwvhoi, rughuhg e| uhyhuvh lqfoxvlrq dv looxvwudwhg lq

�jxuh 51 Wkh h{whqghg uhdo qxpehuv duh uhsuhvhqwhg e| vlqjohwrq vhwv rq wkh ulp ri wkh

frqh/ zkloh wkh rwkhu lqwhuydov duh uhsuhvhqwhg e| srlqwv rq wkh vxuidfh ri wkh frqh1 Wkh

erwwrp hohphqw lv U"1

Wkh lqfuhphqwdo gljlw uhsuhvhqwdwlrq gh�qhg ehorz lv vlplodu wr wkh gljlw vhuldo qxpehu
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uhsuhvhqwdwlrq gh�qhg e| Qlhovhq dqg Nruqhuxs ^5;`1

Gh�qlwlrq 4 Wkh wxsoh E�c{c �clc �� lv fdoohg dq xqvljqhg lqfuhphqwdo gljlw uhs0

uhvhqwdwlrq li

� wkh edvh lqwhuydo � lv d phpehu ri WU" ^43`/

� wkh gljlw vhw { lv d frxqwdeoh vhw ri v|perov/

� wkh gljlw pds � lv d ixqfwlrq {$ � $ � dqg

� wkh whuplqdwru vhw l lv d frxqwdeoh vhw ri v|perov dqg

� wkh whuplqdwru pds � lv d ixqfwlrq l$ �1

Dq lq�qlwh vhtxhqfh ri gljlwv _f_�_2 � � � uhsuhvhqwv d uhdo qxpehu % lq � e| lqgxflqj

dq lq�qlwh vhtxhqfh ri qhvwhg forvhg lqwhuydov

dR?c ^?o ' � E_f� E� E_�� E� E_2� E� � � � E_?� E�� � � ����

vxfk wkdw wkh lqgxfhg vhtxhqfh dRfc ^fo � dR�c ^�o � dR2c ^2o � � � � lv d uhsuhvhqwdwlyh ri %1
Vlploduo|/ d �qlwh vhtxhqfh ri gljlwv _f_�_2 � � � _? whuplqdwhg e| � 5 l uhsuhvhqwv d uhdo

qxpehu % lq � e| lqgxflqj d �qlwh vhtxhqfh ri qhvwhg forvhg lqwhuydov whuplqdwlqj zlwk

wkh vlqjohwrq vhw i%j1

� E_f� E� E_�� E� E_2� E� � � � E_?� E� E� �� � � ���� ' %

Gh�qlwlrq 5 Wkh wxsoh E�cPc )c{c �clc �� lv fdoohg d vljqhg lqfuhphqwdo gljlw uhs0

uhvhqwdwlrq li

� E�c{c �clc �� lv dq xqvljqhg lqfuhphqwdo gljlw uhsuhvhqwdwlrq/

� wkh vljq vhw P lv d frxqwdeoh vhw ri v|perov dqg

� wkh vljq pds ) lv d ixqfwlrq P$ � $ U"1

D uhdo qxpehu % lq wkh xqvljqhg lqfuhphqwdo gljlw uhsuhvhqwdwlrq suh�{hg e| d vljq

j 5 P uhsuhvhqwv wkh uhdo qxpehu ) Ej� E%�1 Khuh duh vrph h{dpsohv=
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� Wkh ghflpdo uhsuhvhqwdwlrq rq U

�
dfc�o c]c j :$ % :$ j n %c ifc � � � cbj c _ :$ % :$ _n%

�f
c i�c � � � c bj c � :$ �

�f

�

� Wkh vlpsoh frqwlqxhg iudfwlrq uhsuhvhqwdwlrq rq U

�
d�c4o c]c j :$ % :$ j n �

%
cQ�ifj c _ :$ % :$ _n �

%
cQ�ifc �j c � :$ �

�

� Wkh uhgxqgdqw elqdu| uhsuhvhqwdwlrq rq U

�
d��c �o c]c j :$ % :$ j n %c i��cfc �j c _ :$ % :$ _n%

2
ci��c fc �j c � :$ �

2

�

7 Pùelxv Wudqvirupdwlrqv

D Pùelxv wudqvirupdwlrq [E� � lv d olqhdu iudfwlrqdo wudqvirupdwlrq rq wkh h{whqghg

uhdo qxpehuv

% :$ @%n S

K%n _
+5,

sdudphwhul}hg e| wkh irxu lqwhjhuv @/ K/ S dqg _ duudqjhg frqyhqlhqwo| lq wkh 2�2 pdwul{

� '

3
C @ S

K _

4
D1

Wkh v|pero � zloo eh xvhg wr lqglfdwh wkh xvxdo grw surgxfw ehwzhhq pdwulfhv dqg

yhfwruv1 Krzhyhu/ wkh vdph v|pero zlwk d qxphulfdo vxevfulsw �? zloo eh xvhg wr lqglfdwh
d pruh jhqhudo grw surgxfw ehwzhhq whqvruv/ |hw wr eh gh�qhg1 Wkh frpsrvlwlrq ri

Pùelxv wudqvirupdwlrqv [E�� dqg [ E� � lv htxlydohqw wr wkh surgxfw ri pdwulfhv �

dqg ��

[E�� E[ E�� E%�� ' [ E� �� � E%�

Wkhuhiruh/ [ lv d prusklvp iurp wkh prqrlg ri pdwulfhv zlwk lqwhjhu frh!flhqwv P

wr Pùelxv wudqvirupdwlrqv dqg wkh nhuqho ri [ lv wkh prqrlg ri qrq0}hur lqwhjhuv ]W1

Frqvhtxhqwo|/ wkh prqrlg ri Pùelxv wudqvirupdwlrqv lv lvrprusklf wr wkh txrwlhqw prqrlg

P*]W1 Lq wkh oljkw ri wklv/ zh vkdoo frqvlghu pdwulfhv wr eh htxlydohqw xs wr vfdolqj1

Wkhuhiruh/ zh vkdoo gh�qh wkh lqyhuvh ri d qrq0vlqjxodu pdwul{ e|3
C @ S

K _

4
D
3�

'

3
C _ �S

�K @

4
D � +6,
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Wkh vhw ri yhfwruv zlwk lqwhjhu frh!flhqwv Y zlwk surgxfw � gh�qhg e|3
C @

K

4
D�

3
C S

_

4
D '

3
C @S

K_

4
D

lv d prqrlg1 Wkhuhiruh/ wkh nhuqho ri wkh prusklvp x iurp wkh prqrlg ri yhfwruv Y wr

wkh h{whqghg uhdo qxpehuv jlyhq e|

x

3
C @

K

4
D '

@

K

lv dovr wkh prqrlg ri qrq0}hur lqwhjhuv ]W1 Lq wkh oljkw ri wklv/ zh vkdoo dovr frqvlghu

yhfwruv wr eh htxlydohqw xs wr vfdolqj1 Wkh ixqfwlrq DSSO\ jlyhq e|

DSSO\ G x EY��[EP� �$ x EY�

E%c s� :�$ s E%�

lv dq dfwlrq ri wkh prqrlg ri Pùelxv wudqvirupdwlrqv rq wkh h{whqghg uhdo qxpehuv

ehfdxvh

[E�� Ex ET �� ' x E� � T � �

Iru frqyhqlhqfh/ zh zloo gurs [ dqg x zkhqhyhu lw lv fohdu wr gr vr1 Dovr/ Pùelxv

wudqvirupdwlrqv dqg h{whqghg uhdo qxpehuv zloo eh slfwxuhg devwudfwo| e|

x

dqg

uhvshfwlyho|1

8 Jhqhudo Qrupdo Surgxfwv

Wzr uhdo qxpehuv % dqg + kdyh wkh vdph vljq li %� + � f1 Ohw Yn dqgPn ghqrwh wkh

vhw ri yhfwruv dqg pdwulfhv zlwk vdph vljq lqwhjhu frh!flhqwv1 Ohw wkh xqvljqhg jhqhudo

qrupdo surgxfw uhsuhvhqwdwlrq rq dfc4o eh wkh xqvljqhg lqfuhphqwdo gljlw uhsuhvhq0

wdwlrq Edfc4o cPnc[cYncx� dqg ohw wkh vljqhg jhqhudo qrupdo surgxfw uhsuhvhq0

wdwlrq rq U" eh wkh vljqhg lqfuhphqwdo gljlw uhsuhvhqwdwlrq Edfc4o cPc[cPnc[cYncx�

:



^63`1 Wkh vshfldo edvh lqwhuydo dfc4o ^43` hqvxuhv wkdw hydoxdwlqj wkh lqirupdwlrq lq d

pdwul{ zlwk lqwhjhu frh!flhqwv gh�qhg e|

LQIR

3
C @ S

K _

4
D '

3
C @ S

K _

4
D Edfc4o� +7,

lv frpsxwdwlrqdoo| wulyldo1

LQIR

3
C @ S

K _

4
D '

;AAAAAA?
AAAAAA=

k@
K
c
S

_

l
li _i|

3
C @ S

K _

4
D 	 f

k S
_
c
@

K

l
li _i|
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Fohduo|/ e| frpsdulqj htxdwlrqv +9, dqg +:,/ d vlqjxodu pdwul{ fdq eh uhgxfhg wr d yhfwru1

Wkh xvh ri vdph vljq frh!flhqwv lv mxvwl�hg e| wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 6 Wkh lqirupdwlrq lq d qrq0vlqjxodu pdwul{ lv d vxevhw ri wkh vshfldo edvh

lqwhuydo li dqg rqo| li wkh qrq0vlqjxodu pdwul{ kdv vdph vljq frh!flhqwv1

9 H{dfw Iordwlqj Srlqw

Jhqhudo qrupdo surgxfwv fdq eh xvhg wr hohjdqwo| uhsuhvhqw dojrulwkpv ghulyhg iurp wkh

wkhru| ri frqwlqxhg iudfwlrqv ^63`1 Krzhyhu/ dv d jhqhudo wrro iru uhsuhvhqwlqj h{whqg uhdo
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qxpehuv lw lv h{wuhpho| gl!fxow wr frqwuro wkh vl}h ri lqwhjhuv dqg wkh  rz ri lqirupdwlrq1
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dqg d pdqwlvvd1 Dq lq�qlwh vhtxhqfh ri (� gljlwv uhsuhvhqwv 41 Dq| rwkhu lq�qlwh vh0
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; H{suhvvlrq Wuhhv

Gh�qlwlrq 7 Dq xqvljqhg h{suhvvlrq wuhh lv d elqdu| wuhh1 Hdfk qrgh pd| eh hlwkhu

� d whqvru A 5 Wn zlwk 5 fkloguhq ru

� d pdwul{ � 5Pn zlwk 4 fklog ru

� d yhfwru T 5 Yn zlwk qr fkloguhq1

Gh�qlwlrq 8 D vljqhg h{suhvvlrq wuhh lv d wuhh frqvlvwlqj ri hlwkhu
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Iljxuh 6= D w|slfdo h{suhvvlrq wuhh

� d whqvru A 5 W frqqhfwhg wr wzr xqvljqhg h{suhvvlrqv wuhhv ru

� d pdwul{ � 5P frqqhfwhg wr rqh xqvljqhg h{suhvvlrqv wuhh ru

� d yhfwru T 5 Y zlwk qr fkloguhq1

Ohw H dqg Hn ghqrwh wkh vhw ri vljqhg dqg xqvljqhg h{suhvvlrq wuhhv uhvshfwlyho|1 Dq

h{suhvvlrq wuhh +h1j1 dv vkrzq lq �jxuh 6, lqgxfhv d gluhfwhg vhw lq wkh frqwlqxrxv grpdlq

EWU"c�� +h1j1 dv looxvwudwhg lq �jxuh 7,1 Hdfk hohphqw ri wkh gluhfwhg vhw fruuhvsrqgv

wr d sduwlfxodu fxw lq wkh h{suhvvlrq wuhh1 Wklv hohphqw lv wkhq wkh lqwhuydo ghulyhg e|

soxjjlqj hdfk h{srvhg dujxphqw zlwk wkh vshfldo edvh lqwhuydo dfc4o1

Dq h{suhvvlrq wuhh uhsuhvhqwv dq h{whqghg uhdo qxpehu % li wkh ohdvw xsshu erxqg ri

wkh lqgxfhg gluhfwhg vhw lv wkh vlqjohwrq vhw i%j1 Wkh h{suhvvlrq wuhh . 5 H frqvlvwlqj

ri d urrw qrgh u 5 O frqqhfwhg wr h{suhvvlrq wuhhv .t�c���c�� 5 Hn zlwk � 5 ifc �c2j zloo
eh ghqrwhg e| u i.�c � � � c .�j1 Qrwh wkdw wkh jhqhudo qrupdo surgxfw uhsuhvhqwdwlrq dqg

h{dfw  rdwlqj srlqw uhsuhvhqwdwlrq duh mxvw vshfldo h{suhvvlrq wuhhv1

;14 Pdwul{ Dssolfdwlrq

Wkh dssolfdwlrq ri d pdwul{ � 5 P wr d vljqhg h{suhvvlrq wuhh u i.�c � � � c .�j 5 H fdq

eh uhgxfhg wr wkh vljqhg h{suhvvlrq wuhh zlwk wkh urrw qrgh� �u frqqhfwhg wr wkh vdph
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Iljxuh 7= D gluhfwhg vhw uhsuhvhqwlqj wkh h{whqghg uhdo qxpehu % rq wkh frqwlqxrxv

grpdlq EWU"c�� lqgxfhg e| dq h{suhvvlrq wuhh

xqvljqhg h{suhvvlrq wuhhv .t�c���c��1
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;15 Uhflsurfdo dqg Qhjdwlrq

Uhflsurfdo dqg qhjdwlrq duh dfklhyhg e| pdwul{ dssolfdwlrq1 Iru h{dpsoh/ wkh vljqhg

h{suhvvlrq wuhh fruuhvsrqglqj wr wkh uhflsurfdo ri wkh vljqhg h{dfw  rdwlqj srlqw qxpehu
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Lq idfw/ d sxuho| v|perolf dojrulwkp lv srvvleoh khuh iru frqyhuwlqj wklv h{suhvvlrq wuhh

lqwr wkh vljqhg h{dfw  rdwlqj srlqw uhsuhvhqwdwlrq1

;16 Whqvru Dssolfdwlrq

Wkh dssolfdwlrq ri d whqvru A 5 W wr wzr vljqhg h{suhvvlrq wuhhv g i.�c � � � c .�j/
u i8�c � � � c 8�j 5 H zlwk gcu 5 Y ^P dqg �c� 5 ifc �j fdq eh uhgxfhg wr wkh vljqhg

h{suhvvlrq wuhh zlwk wkh urrw qrgh A ��g �2u frqqhfwhg wr wkh vdph xqvljqhg h{suhvvlrq
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Qrwh wkdw d vljqhg h{suhvvlrq wuhh zlwk urrw qrgh A 5 W fdq eh frqyhuwhg lqwr d vljq

pdwul{ 7tnc"c3cf� frqqhfwhg wr dq xqvljqhg h{suhvvlrq wuhh xvlqj wkh uhgxfwlrq uxohv lq

wkh vhfwlrq <1

;17 Wkh Edvlf Dulwkphwlf Rshudwlrqv

Wkh edvlf dulwkphwlf rshudwlrqv n/ �/� dqg � duh dfklhyhg e| whqvru dssolfdwlrq dv

srlqwhg rxw e| Jrvshu ^47`1 Iru h{dpsoh/ wkh vljqhg h{suhvvlrq wuhh fruuhvsrqglqj wr

wkh vxewudfwlrq ri wkh wzr vljqhg h{dfw  rdwlqj srlqw qxpehuv 7j i(_� i(_2 i� � �jjj dqg
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< Uhgxfwlrq Uxohv

Lq wklv vhfwlrq/ Zh suhvhqw wkh fruh uhgxfwlrq uxohv iru frqyhuwlqj dq h{suhvvlrq wuhh lqwr

dq h{dfw  rdwlqj srlqw qxpehu1 Wkh hwkrv ehklqg wkh uhgxfwlrq uxohv lv=

Hplvvlrq H{wudfw lqirupdwlrq iurp wkh urrw qrgh lq rughu wr frqvwuxfw dq h{dfw  rdwlqj

srlqw qxpehu li |rx fdq1

Devruswlrq Dvvlplodwh lqirupdwlrq iurp wkh ghswkv ri wkh h{suhvvlrq wuhh lqwr wkh urrw

qrgh li |rx kdyh wr1

Lq vhfwlrq 45/ wkh uhgxfwlrq uxohv duh hqkdqfhg iru h!flhqf| uhdvrqv xvlqj lqirupdwlrq

 rz dqdo|vlv1

<14 Hplvvlrq

Jhqhudoo| vshdnlqj d pdwul{ . fdq eh hplwwhg iurp wkh urrw qrgh u 5 O surylghg
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Iru d vljqhg h{suhvvlrq wuhh/ rqo| d vljq pdwul{ 7tnc"c3cf� pd| eh hplwwhg ohdylqj dq

xqvljqhg h{suhvvlrq wuhh
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surylghg 73�j d.o 5 Hn1 Iru dq xqvljqhg h{suhvvlrq wuhh/ rqo| d gljlw pdwul{ (t3�cfc��

pd| eh hplwwhg ohdylqj dqrwkhu xqvljqhg h{suhvvlrq wuhh
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surylghg(3�
_ d.o 5 Hn1 Wkh gljlw pdwul{ (f vkrxog eh dyrlghg/ li jlyhq d fkrlfh/ ehfdxvh

lw lqyroyhv voljkwo| pruh frpsxwdwlrq1

<15 Devruswlrq

Lw kdv ehhq vkrzq hduolhu wkdw

� pdwulfhv fdq dozd|v eh dvvlplodwhg zlwk whqvruv/ pdwulfhv dqg yhfwruv xvlqj grw

surgxfw dqg

� whqvruv fdq dozd|v eh dvvlplodwhg zlwk pdwulfhv dqg yhfwruv xvlqj ohiw dqg uljkw

surgxfwv1

Krzhyhu/ whqvruv fdqqrw eh dvvlplodwhg zlwk whqvruv zlwkrxw lqwurgxflqj udqn 7 whq0

vruv1 Wkh qh{w ehvw wklqj lv dq lqirupdwlrq h{fkdqjh1 Rqo| wkh gljlw pdwulfhv (t3�cfc��

vkrxog eh h{fkdqjhg1 Wklv srolf| hqvxuhv d olqhdu lqwhjhu elw vl}h jurzwk iru wkh frh!0

flhqwv lq wkh wzr whqvruv1
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D 5 W lq zklfk qr pruh hplv0

vlrqv duh srvvleoh1 Zh qhhg wr ghflgh zkhwkhu wr devrue iurp wkh ohiw ru iurp wkh uljkw1

D ohiw devruswlrq lqfuhdvhv wkh lqirupdwlrq lq - dqg 7/ zkloh d uljkw devruswlrq lqfuhdvhv

wkh lqirupdwlrq lq � dqg '1 Vr/ dozd|v ohiw devruelqj zkhqhyhu wkh lqirupdwlrq lq -

dqg 7 duh ryhuodsslqj lv d zrundeoh vwudwhj|1
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Rwkhuv vwudwhjlhv kdyh ehhq lqyhvwljdwhg/ exw wklv rqh kdv suryhg wkh prvw h!flhqw lq

sudfwlfh1

<17 Uhgxqgdqf|

Lw lv zhoo nqrzq wkdw wkh edvlf dulwkphwlf rshudwlrqv duh frpsxwdeoh rqo| iru uhgxqgdqw

uhsuhvhqwdwlrqv ri wkh uhdo qxpehuv ^59/ 56/ :/ 67`1 Lq h�hfw/ qrq0ghwhuplqlvp lv ehlqj

wudghg iru frpsxwdelolw|1 Lw lv dovr zhoo nqrzq wkdw edvlf suhglfdwhv/ vxfk dv htxdolw|

dqg frpsdulvrq/ duh qrw frpsxwdeoh1 Frqvhtxhqwo|/ wkh vwdqgdug �li� vwdwhphqw vkrxog

eh uhsodfhg e| wkh �uhgxqgdqw li� vwdwhphqw zlwk wkh uhgxfwlrq uxoh
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zkhuh i�c'j ghqrwhv d qrq0ghwhuplqlvwlf fkrlfh ehwzhhq � dqg '1 Wklv dssduhqwo|

sureohpdwlf qrq0ghwhuplqlvp fdq dqg pxvw eh dqqxoohg e| wkh vlgh frqglwlrq

� ' ' li % 5 dRc ^o �

Wkh �uhgxqgdqw li� vwdwhphqw lv vlplodu wr wkh txdvl0uhodwlrqdo frpsdulvrq rshudwru

	" lqwurgxfhg e| Erhkp dqg Fduwzuljkw ^8/ 7`1 Wkh �uhgxqgdqw li� vwdwhphqw zloo qrw

eh xvhg h{solflwo| lq wklv duwlfoh1 Krzhyhu/ lw zloo eh xvhg lpsolflwo| lq vwdwhphqwv olnh

�li s E_� iru vrph _ 5 (�1 Wklv qrwlrq lv dovr xvhg lq wkh dojrulwkpv ri vhfwlrq +44, iru

wkh wudqvfhqghqwdo ixqfwlrqv e| xwlol}lqj wkh lghd ri dqdo|wlf frqwlqxdwlrq lq frpsoh{lw|

dqdo|vlv1

<18 Vwudljkwiruzdug Uhgxfwlrq Uxohv

Doo wkh lghdv deryh fdq eh eurxjkw wrjhwkhu lqwr wkh iroorzlqj frpsdfw dojrulwkp=
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Wkh �vljq hplw� whup VHP E.c �� sduwldoo| frqyhuwv wkh vljqhg h{suhvvlrq wuhh . lqwr

wkh vljqhg h{dfw  rdwlqj srlqw uhsuhvhqwdwlrq1 Lq sduwlfxodu/ lw uhwxuqv d vljqhg h{suhv0

vlrq wuhh ri wkh irup 7j i��
S i. �jj zkhuh 7j lv wkh uhtxluhg vljq/ ��

S lv wkh � uhtxluhg

gljlwv frpsuhvvhg dffruglqj wr htxdwlrq +;, dqg . � lv dq xqvljqhg h{suhvvlrq wuhh iru

wkh uhpdlqlqj gljlwv +l1h1 d frqwlqxdwlrq,1 Wkh �gljlw hplw� whup GHP E��
Sc .c �� sduwldoo|

frqyhuwv wkh xqvljqhg h{suhvvlrq wuhh ��
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43 Frqwlqxhg Iudfwlrqv

Wkh ghyhorsphqw
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44 Uhdo Ixqfwlrqv

Wkh Wd|oru vhulhv ri d ixqfwlrq s E%� fdq riwhq eh xvhg wr ghulyh d qxpehu ri frqwlqxhg

iudfwlrqv zlwk wkh jhqhudo irup

s E%� ' kf E%� n
qf E%�

k� E%� n
q� E%�

k2 E%� n
q2 E%�
1 1 1

+4;,

lqfoxglqj wkh Vwlhowmhv/ Mdfrel dqg Hxohu w|shv ^69/ 6/ 63`1 Vrphwlphv wkhvh frqwlqxhg

iudfwlrqv fdq eh frqyhuwhg lqwr dq h{suhvvlrq wuhh
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x

x

x
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+4<,
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fduhixoo| fkrvhq wr hqvxuh wkdw wkh vwudwhj| lq htxdwlrq +48, zrunv1 D jhqhudo surfhgxuh

iru wklv lv=
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ixqfwlrq wr LQIR E��1

Wkh deryh whfkqltxh zloo eh xvhg lq wkh iroorzlqj vxevhfwlrqv wr ghulyh dojrulwkpv

iru wkh edvlf vhw ri wudqvfhqghqwdo ixqfwlrqv> qdpho| vtxduh urrw/ qdwxudo orjdulwkp/

h{srqhqwldo/ wdqjhqw dqg lqyhuvh wdqjhqw1 Wkh rwkhu wudqvfhqghqwdo ixqfwlrqv fdq eh
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4414 Vtxduh Urrw

Ohw ORRS EAc %� eh wkh ixqfwlrq uhsuhvhqwhg e| wkh h{suhvvlrq wuhh lq htxdwlrq +4<, zlwk
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Wkh xvxdo dojrulwkp iru frqyhuwlqj dq h{suhvvlrq wuhh lqwr dq h{dfw  rdwlqj srlqw qxpehu

fdq eh lpsuryhg gudpdwlfdoo| iru ORRS EAc%� e| hpsor|lqj d ihhgedfn phfkdqlvp1

x

T loop(T,x)

Iru ORRS EAc %� zlwk A 5 Wn dqg % 5 dfc4o=

41 Hqvxuh % lv dq xqvljqhg h{dfw  rdwlqj srlqw qxpehu1

51 Zkloh (3�
_ � A �2 (_ 5 Wn iru vrph _ 5 i��c fc �j/ hplw gljlw (_ dqg vhw A wr
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_ � A �2 (_1
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Wklv dojrulwkp iru ORRS EAc%� fdq eh lpsuryhg hyhq ixuwkhu li % lv d udwlrqdo qxpehu1
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iru doo + 5 dfc4o1 Wklv ghdov zlwk h{srqhqwldo iru % 5 d��c �o1 Iru % rxwvlgh wklv udqjh/
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4
D i+c.?n� E+�j LQ

3
C � � �� ��

2 f f 2

4
D i+c.� E+�j

iru doo + 5 dfc4o1 Wklv ghdov zlwk wdqjhqw iru % 5 d��c �o1 Iru % rxwvlgh wklv udqjh/

uhshdwhgo| dsso| wkh wuljrqrphwulf lghqwlw|

WDQ E%� '
2 WDQ

�
%

2

�
�� WDQ

�
%

2

�2 '

3
C f � � f

�� f f �

4
DkWDQ�%

2

�
c WDQ

�%
2

�l

xqwlo % 5 d��c �o1 Ehzduh wkdw

3
C f � � f

�� f f �

4
D *5 Wn1 Khqfh/ wkh vxewoh suhvhqfh ri

vtxduh eudfnhwv lqvwhdg ri urxqg eudfnhwv +vhh vhfwlrq ;16,1

4419 Lqyhuvh Wdqjhqw

D frqwlqxhg iudfwlrq iru lqyhuvh wdqjhqw ^69` lv

DUFWDQ E%� '
k
fc %(


2?� �c ?2%2(

�
?D�

l
� +5;,

5:



Wkh irupxod vwdwhg e| Yxloohplq ^68` fdq eh ghulyhg xvlqj htxdwlrq +53,3
C f %

� f

4
D "\

?'�

3
C 2? � � ?2%2

� f

4
D '

3
C f �

� f

4
D "\

?'�

3
C 2?� � ?2%

% f

4
D

dqg vlpsol�hg hyhq ixuwkhu xvlqj htxdwlrq +55, wr

"\
?'�

3
C f %

?2% 2?� �

4
D �

Wkhuhiruh/ wkh fruuhvsrqglqj vhtxhqfh ri whqvruv dffruglqj wr sduw +l, lv

A? '

3
C f � f f

E?n ��2 f f 2?n �

4
D �

Vlqfh/ A? 5 Wn iru doo ? � f/ wklv lpphgldwho| jlyhv dq h{suhvvlrq wuhh iru DUFWDQ E%� ydolg

iru doo % 5 dfc4o1 Krzhyhu/ wkh h!flhqf| ri wklv h{suhvvlrq wuhh ghfuhdvhv zlwk lqfuhdvlqj

%1 Qrwh wkdw iru �? '

3
C � ��

?n � ?n �

4
D dqg � ' 7f/ �

3�
?3� � A? �� � �2 �? 5 Wn iru

doo ? � �1 Wkhuhiruh/ dffruglqj wr sduw +ll,/ zh kdyh

DUFWDQ E7f i+j� ' OHW.? E%� '

3
C 2?n � ? f ?n �

?n � f ? 2?n �

4
D i+c.?n� E+�j LQ

3
C � � �� ��

2 f f 2

4
D i+c.� E+�j �

Wklv htxdwlrq iru lqyhuvh wdqjhqw fdq eh xvhg wr fdswxuh doo wkh h{whqghg uhdo qxpehuv

zkhq xvhg lq frqmxqfwlrq zlwk wkh iroorzlqj wuljrqrphwulf lghqwlwlhv=

DUFWDQ E7n i+j� ' DUFWDQ E7f i+j� n Z

e

DUFWDQ E7" i+j� ' DUFWDQ E7f i+j� n Z

2

DUFWDQ E73 i+j� ' DUFWDQ E7f i+j� n �Z

e

45 Lqirupdwlrq Iorz Dqdo|vlv

Rqh ri wkh dgydqwdjhv ri wkh h{dfw  rdwlqj srlqw uhsuhvhqwdwlrq ryhu wkh jhqhudo qrupdo

surgxfw uhsuhvhqwdwlrq lv wkdw lw jlyhv d qdwxudo xqlw ri lqirupdwlrq1 Frqvlghu wkh phwulf

5;



_a G dfc4o� dfc4o �$ dfc 2o gh�qhg e|

_a E%c +� ' m7fE%�� 7fE+�m c

zklfk lv wrsrorjlfdoo| htxlydohqw wr wkh fkrugdo phwulf lq htxdwlrq +4, uhvwulfwhg wr wkh

edvh lqwhuydo dfc4o ^43`1 Qrwh wkdw

_a E(_ E%� c(_ E+�� ' mE7f �(_� E%�� E7f �(_� E+�m

'

������
3
C
3
C � _

f 2

4
D � 7f

4
D E%��

3
C
3
C � _

f 2

4
D � 7f

4
D E+�

������ '
�

2
_a E%c +� �

Frqvhtxhqwo|/ wkh xqlwv ri lqirupdwlrq vwruhg lq d olqhdu iudfwlrqdo wudqvirupdwlrq fdq eh

hvwlpdwhg e| wkh ixqfwlrq XQLWV G On$ Q ^ i4j jlyhq e|

XQLWV Eu� ' e� � *L}2 EZLGWK ELQIR E7f � u���f zkhuh ZLGWK Ed%c +o� ' m%� +m +5<,

zkhuh e%f lv wkh juhdwhvw lqwhjhu ohvv wkdq ru htxdo wr %1 Wklv zd|/ lw fdq eh vkrzq wkdw

dw prvw XQLWV Eu� gljlwv fdq eh hplwwhg iurp dq duelwudu| olqhdu iudfwlrqdo wudqvirupdwlrq

u 5 On dqg dw ohdvw XQLWV Eu� � �1 Lq sduwlfxodu/ XQLWV ET � ' 4 iru T 5 Yndqg iru

� '

3
C @ S

K _

4
D 5Pn

XQLWV E�� '

�
*L}2

� m@n Km mSn _m
m_i| E��m

��
�

4514 Pdwul{ Od}| Iorz Dqdo|vlv

Iru dq duelwudu| pdwul{ � 5 Pn dqg qdwxudo qxpehu "/ zh qhhg wr �qg wkh pd{lpxp

xqlwv ri lqirupdwlrq B E�c"� wkdw fdq eh devruehg lqwr � vxfk wkdw lw frqwdlqv dw prvw

" xqlwv ri lqirupdwlrq1 Lq rwkhu zrugv/ vxfk wkdw dw prvw " gljlwv fdq eh hplwwhg1 Zh

zlvk wr dsso| wkh ixqfwlrq B E�c "� g|qdplfdoo| udwkhu wkdq vwdwlfdoo| lq d zd| dqdorjrxv

wr gdpslqj lq d phfkdqlfdo v|vwhp1 Lq wklv zd|/ zh fdq h!flhqwo| jhw wkh lqirupdwlrq

zh zdqw zlwkrxw ghpdqglqj hyhq d vlqjoh xqlw ri lqirupdwlrq wrr pxfk iurp wkh ghhshu

od|huv ri dq h{suhvvlrq wuhh1 Wkh sureohp fdq eh h{suhvvhg pdwkhpdwlfdoo| dv=

Ilqg pd{lpxp B vxfk wkdw _a E� E%� c� E+�� � �

2"
zkhqhyhu _a E%c +� � �

2B
�

5<



Qrwh wkdw

_a E� E%� c� E+�� ' mE7f �� � E%�� E7f �� � E+�m
'

���7f �� � 73�f

�
E7f E%���

�
7f �� � 73�f

�
E7f E+��

��
'

����7f �� � 73�f

��
E5�
��� _a E%c +� iru vrph 5 5 E��c ��

e| wkh phdq ydoxh wkhruhp surylghg wkdw wkh ixqfwlrq
�
7f �� � 73�f

�
E%� lv frqwlqxrxv

ryhu d��c �o dqg gl�huhqwldeoh ryhu E��c ��1 Wklv frqglwlrq lv fhuwdlqo| vdwlv�hg iru doo

� 5Pn1 Jlyhq wkdw � '

3
C @ S

K _

4
D lw fdq eh vkrzq wkdw

�
7f �� � 73�f

��
E%� '

e _i| E� �

EE@n K� S� _�%n E@n Kn Sn _��2
�

Wkhuhiruh/ li zh gh�qh wkh ixqfwlrq s GPn $ T e|

sE� � ' �?u
�����7f �� � 73�f

��
Ed��c�o�

���� '
m_i| E��m

E4@ Em@n Km c mSn _m��2 � +63,

Wkhuhiruh/ wkh pd{lpxp B lv jlyhq e|

B E�c "� ' "n e*L}2 Es E� ��f � +64,

Ilqdoo|/ zh qhhg wr frqyhuw wklv irupxod lqwr dq h!flhqw dojrulwkp1 Ohw rE@� ghqrwh

wkh qxpehu ri elwv uhtxluhg wr uhsuhvhqw wkh devroxwh ydoxh ri wkh lqwhjhu @1 Xvlqj wkh

lghqwlwlhv

g@h ' �e�@f
e*L}2 @f ' rE@�� �

g*L}2 @h ' rE@�� LI @ LV SRZHU RI 2 WKHQ � HOVH f

e@f n eKf � e@n Kf � e@fn eKfn �

lw fdq eh vkrzq wkdw wkh dojrulwkp

{3
� E�c "� ' OHW e ' m_i| E��m DQGk ' 4@ Em@n Km c mSn _m� LQ

"nrEe��r
�
k2
�� LI k LV SRZHU RI 2 WKHQ f HOVH �

surylghv d ydoxh htxdo wr ru rqh ohvv wkdq B jlyhq lq htxdwlrq +64, +l1h1 lw lv d frqvhuydwlyh

dssur{lpdwlrq,1 Lq vrph fdvhv/ gxh wr lwv frqvhuydwlyh qdwxuh/ hyhq wkrxjk " � � dqg qr

gljlwv fdq eh hplwwhg/ wkh  rz dqdo|vlv jlyhq e| {3
� lqglfdwhv wkdw qr lqirupdwlrq qhhgv

wr eh devruehg1 Vr/ zh uhdoo| qhhg wkh ixqfwlrq {n
� E�c "� ' 4@ 

�
�c{3

� E�c "�
�
dv zhoo1
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4515 Whqvru Od}| Iorz Dqdo|vlv

Iru dq duelwudu| whqvru A '
�
� '

�
'

3
C -

7

4
D 5 Wn dqg qdwxudo qxpehu "/ zh

qhhg wr �qg wkh pd{lpxp xqlwv ri lqirupdwlrq B� EAc "� dqg B2 EAc "� wkdw fdq eh ohiw dqg

uljkw devruehg uhvshfwlyho| lqwr A vxfk wkdw lw frqwdlqv dw prvw " xqlwv ri lqirupdwlrq1

Wkh sureohp fdq eh h{suhvvhg pdwkhpdwlfdoo| dv=

Ilqg pd{lpxp B� EAc "� vxfk wkdw iru doo � 5 dfc4o

_a EA E%c�� c A E+c��� � �

2"
zkhqhyhu _a E%c +� � �

2B�
dqg

�qg pd{lpxp B2 EAc "� vxfk wkdw iru doo � 5 dfc4o

_a EA E�c %� c A E�c+�� � �

2"
zkhqhyhu _a E%c +� � �

2B2
�

E| v|pphwu|/ lw lv fohdu wkdw B� EAc "� ' B2
�
AAc "

�
1 Qrwh wkdw iru L ' 7f �A ��73�f �273�f

_a EA E�c %� c A E�c +�� ' mE7f � A � E�c %�� E7f � A � E�c +�m
' mL E7f E�� c 7f E%��� L E7f E�� c 7f E+��m
' mL2 E7f E�� c 5�m _a E%c +� iru vrph 5 5 E��c��

zkhuh L2 E%c +� lv wkh sduwldo ghulydwlyh ri L zlwk uhvshfw wr +1 Lw fdq eh vkrzq wkdw

�?u EmL2 Ed��c �o c d��c �o�m� ' 4�? Es E� � cs E'��

xvlqj wkh gh�qlwlrq ri wkh ixqfwlrq s G Pn $ T lq htxdwlrq +63,1 Wklv phdqv wkdw wkh

dojrulwkpv

{3
� EA /"� '

�
4�?

�
{3

� E-c "� c{
3
� E7c "�

��
{3

2 EA /"� '
�
4�?

�
{3

� E�c "� c{
3
� E'c "�

��
surylgh frqvhuydwlyh dssur{lpdwlrqv iru B� dqg B2 uhvshfwlyho|1 Qrwh wkdw wkh ryhuordglqj

ri{3
� rq pdwulfhv dqg whqvruv lv lqwhqwlrqdo1 Lq vrph fdvhv/ gxh wr lwv frqvhuydwlyh qdwxuh/

hyhq wkrxjk " � � dqg qr gljlwv fdq eh hplwwhg/ wkh  rz dqdo|vlv jlyhq e| {3
� dqg {3

2

lqglfdwh wkdw qr lqirupdwlrq qhhgv wr eh devruehg iurp wkh ohiw ru iurp wkh uljkw1 Vr lq

wkhvh fdvhv/ zh qhhg wr ghflgh zkhwkhu wr devrue mxvw rqh iurp wkh ohiw ru mxvw rqh iurp

wkh uljkw1 Vr/ ohw xv gh�qh {n
t�c2� EAc "� e|

{n
? EAc "� ' LI{3

� EA /"� � f DQG{3
2 EA /"� � f WKHQ{? EA � HOVH{3

? EA /"� �
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4516 H!flhqw Olqhdu Iudfwlrqdo Wudqvirupdwlrqv

Lw vkrxog eh qrwhg wkdw lw lv qrw dozd|v ghvludeoh wr dvvlplodwh d yhfwru ru d pdwul{ lqwr

lwv sduhqw qrgh1 Lw ghshqgv rq zkhwkhu wkh yhfwru ru wkh pdwul{ lv vsdwldoo| h!flhqw

uhodwlyh wr wkh lqirupdwlrq wkdw lw frqwdlqv1 Wkh lghd lv wkdw li d yhfwru ru d pdwul{ lv

h!flhqw wkhq lw vkrxog eh dvvlplodwhg gluhfwo| rwkhuzlvh rqo| wkh gljlwv (t3�cfc�� vkrxog

eh h{fkdqjhg1 Dfwxdoo|/ lw vkrxog dovr ghshqg rq wkh dprxqw ri lqirupdwlrq " uhtxluhg

dv zhoo1 D sduwlfxoduo| xvhixo gh�qlwlrq lv

HqFLHQW G On � Q$ ERROHDQ

HqFLHQW Euc "� '
rEu�

?
n k 4�? E"c XQLWV Eu�� � q

zkhuh k dqg q duh dgmxvwdeoh sdudphwhuv +h1j1 k ' 2 dqg q ' �2,/ rEu� ghqrwhv wkh

wrwdo qxpehu ri elwv uhtxluhg wr uhsuhvhqw wkh frh!flhqwv lq u dqg ? lv wkh qxpehu ri

frh!flhqwv lq u1

4517 H!flhqw Uhgxfwlrq Uxohv

Doo wkh h!flhqf| uhodwhg lghdv deryh fdq eh eurxjkw wrjhwkhu lqwr wkh iroorzlqj frpsdfw

dojrulwkp=

HGHP G P� Hn � Q$ Hn

HGHP
�
�

�
Sc.c �

�
'

;AAAAAA?
AAAAAA=

�
�
S i.j li � ' f ru u 5 Y

HGHP
�
�

�n�
2Sn_c(

3�
_ d.o c � � �

� li (3�
_ � u 5 On iru

vrph _ 5 i��c fc �j
HGHP

�
�

�
Sc u

�
8n
� c � � � c 8

n
�

�
c �
�

rwkhuzlvh

zkhuh 8n
? ' HDE

�
uc.?c{

n
? Euc ��

�
dqg u i.�c � � � c .�j ' .

HDE G O� Hn � ]$ Hn

HDE Egc.c "� '

;AAAAAA?
AAAAAA=

�
f
f i.j li " � f

u
�
83
� c � � � c 8

3
�

� li HqFLHQW Euc "� dqg

Eg *5 W ru u *5 W�
HGHP E�f

fc .c "� rwkhuzlvh
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zkhuh 83
? ' HDE

�
uc.?c{

3
? Euc "�

�
dqg u i.�c � � � c .�j ' .

Wkh �h!flhqw gljlw hplw� whup HGHP E��
Sc .c �� sduwldoo| frqyhuwv wkh xqvljqhg h{suhv0

vlrq wuhh ��
S i.j lqwr wkh xqvljqhg h{dfw  rdwlqj srlqw uhsuhvhqwdwlrq1 Lq sduwlfxodu/ lw

uhwxuqv dq xqvljqhg h{suhvvlrq wuhh ri wkh irup ��n�

S� i. �j zkhuh ��n�

S� lv wkh E�n �� uh0

txluhg gljlwv frpsuhvvhg dffruglqj wr htxdwlrq +;, dqg . � lv dq xqvljqhg h{suhvvlrq wuhh

iru wkh uhpdlqlqj gljlwv +l1h1 d frqwlqxdwlrq,1 Wkh �h!flhqw devrue� whup HDE Egc.c "�

frqyhuwv wkh xqvljqhg h{suhvvlrq wuhh . lqwr dqrwkhu xqvljqhg h{suhvvlrq wuhh zlwk d urrw

qrgh uhdg| iru devruswlrq +e| vtxduh eudfnhw dssolfdwlrq, lqwr lwv sduhqw qrgh g1 Wkh

lqwhjhu " lqglfdwhv wkh pd{lpxp uhtxluhg xqlwv ri lqirupdwlrq lq wkh urrw qrgh1 Qrwh

wkdw {n
? lv xvhg zkhq d vshfl�hg qxpehu ri gljlwv (t3�cfc�� lv uhtxluhg iurp dq h{suhvvlrq

wuhh/ zkhuhdv {3
? lv xvhg zkhq d frqvhuydwlyh qxpehu ri xqlwv ri lqirupdwlrq lv uhtxluhg

iurp dq h{suhvvlrq wuhh1

Dq| h!flhqw lpsohphqwdwlrq pxvw dyrlg uh0hydoxdwlqj wkh vdph h{suhvvlrq1 Wklv

phdqv wkdw wkh odqjxdjh xvhg pxvw vxssruw uhihuhqfhv/ srlqwhuv ru ghvwuxfwlyh gdwd w|shv

ri vrph vruw1 Iru lqvwdqfh/ wkhuh qhhg rqo| eh rqh lqvwdqwldwlrq ri wkh dujxphqw %

lq htxdwlrq +4<,1 Ilqdoo|/ lw vkrxog eh srlqwhg rxw wkdw uhvfdolqj wkh frh!flhqwv ri d

olqhdu iudfwlrqdo wudqvirupdwlrq grzq e| wkhlu juhdwhvw frpprq glylvru lv lqh!flhqw dqg

jhqhudoo| xqqhfhvvdu|1 Krzhyhu/ uhvfdolqj grzq e| 2 lv h!flhqw dqg qhfhvvdu|1

46 Frqfoxvlrq

Zh vwduwhg wklv duwlfoh e| qrwlqj wkdw dq| uhdo qxpehu fdq eh uhsuhvhqwhg e| d vhtxhqfh

ri qhvwhg forvhg lqwhuydov1 Zh wkhq sxw wklv lghd lqwr wkh irupdo frqwh{w ri dq lqfuh0

phqwdo gljlw uhsuhvhqwdwlrq1 Lq sduwlfxodu/ zh suhvhqwhg wkh ghflpdo/ frqwlqxhg iudfwlrq/

uhgxqgdqw elqdu|/ jhqhudo qrupdo surgxfw dqg h{dfw  rdwlqj srlqw uhsuhvhqwdwlrqv lq

wklv iudphzrun1 Zh srlqwhg rxw wkdw dq| vxfk vhtxhqfh fdq eh vhhq dv d fkdlq lq wkh

frqwlqxrxv grpdlq ri h{whqghg uhdo qxpehuv1

Zh wkhq lqwurgxfhg wkh qrwlrq ri dq h{suhvvlrq wuhh dqg olqnhg lw wr wkh frqfhsw ri

d gluhfwhg vhw lq wkh frqwlqxrxv grpdlq ri h{whqghg uhdo qxpehuv1 Zh wkhq rxwolqhg d

jhqhudo wzr sduw surfhgxuh iru frqyhuwlqj dq| ixqfwlrq zlwk d srzhu vhulhv uhsuhvhqwdwlrq
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lqwr dq h{suhvvlrq wuhh1 Wklv jhqhudo surfhgxuh zdv dssolhg wr wkh wudqvfhqghqwdo ixqf0

wlrqv fxoplqdwlqj lq wkh lqwurgxfwlrq ri qhz dojrulwkpv iru Z/ e dqg wkh wudqvfhqghqwdo

ixqfwlrqv1

Zh suhvhqwhg wkh �uhgxqgdqw li� vwdwhphqw/ zklfk surylghv d vlpsoh dqg h!flhqw

phdqv wr ryhufrph ydulrxv frpsxwdelolw| sureohpv gxulqj wkh frqvwuxfwlrq ri ydulrxv

h{suhvvlrq wuhhv1 Krzhyhu/ wkh grpdlq wkhruhwlf phdqlqj ri �uhgxqgdqw li� lv qrw ixoo|

xqghuvwrrg dw wklv wlph1 Vwudljkwiruzdug uhgxfwlrq uxohv zhuh suhvhqwhg wr doorz dq| ydolg

h{suhvvlrq wuhh wr eh frqyhuwhg lqfuhphqwdoo| lqwr wkh h{dfw  rdwlqj srlqw uhsuhvhqwdwlrq1

Wkh gljlw vhw lq wkh h{dfw  rdwlqj srlqw uhsuhvhqwdwlrq kdv surshuwlhv wkdw hqdeoh wkh

vl}h ri lqwhjhuv wr eh frqwuroohg dqg wkh  rz ri lqirupdwlrq wr eh dqdo|}hg lq dq h{suhvvlrq

wuhh1 Dv d uhvxow/ zh lqwurgxfhg dq h!flhqw dojrulwkp iru frqyhuwlqj dq h{suhvvlrq wuhh

lqwr wkh h{dfw  rdwlqj srlqw uhsuhvhqwdwlrq1 Wkh txdqwl}dwlrq ri lqirupdwlrq phdqv wkdw

wkh frpsoh{lw| ri wkhvh uhgxfwlrq uxohv lv dphqdeoh wr dqdo|vlv/ dowkrxjk wklv kdv qrw ehhq

grqh |hw1 Dowkrxjk/ erwk wkh vsdfldo dqg whpsrudo dvshfwv ri h{dfw uhdo dulwkphwlf kdyh

ehhq wdfnohg lq wklv duwlfoh/ iru pdq| dssolfdwlrqv wkh vsdfldo ryhukhdg lv vwloo xqdyrlgdeo|

surklelwlyh1 Wklv lv hvvhqwldoo| ehfdxvh/ lq jhqhudo/ wkh hqwluh klvwru| ri hyhu| yduldeoh

pxvw eh uhphpehuhg/ qrw mxvw wkh odvw ydoxh dv lq d frqyhqwlrqdo  rdwlqj srlqw dssolfdwlrq1

Qhyhuwkhohvv/ h{dfw uhdo dulwkphwlf lv vwloo xvhixo iru pdq| vpdoo dssolfdwlrqv zkhuh wkh

xvhu zdqwv jxdudqwhhg fruuhfw dqvzhuv/ vxfk dv yhul�fdwlrq ri dojrulwkpv1 Wkh h!flhqf|

ri wkh h{dfw uhdo dulwkphwlf suhvhqwhg lq wklv duwlfoh fdq xqgrxewhgo| eh lpsuryhg hyhq

ixuwkhu e| kdugzduh dvvlvwhg vriwzduh dqg sdudooho surfhvvhv1

47 Dfnqrzohgjhphqwv

L zrxog sduwlfxoduo| olnh wr wkdqn p| SkG vxshuylvru Deedv Hgdodw iru pdq| lqwhuhvwlqj

glvfxvvlrqv1 L zrxog dovr olnh wr dfnqrzohgjh Pduwðq Hvfdugö/ Uhlqkrog Khfnpdqq dqg

Sklolss V qghukdxi iru wkhlu frpphqwv dqg vxjjhvwlrqv1 Odvwo|/ pdq| ri wkh dojrulwkpv

zhuh ghulyhg xvlqj wkh lqydoxdeoh wrro Pdwkhpdwlfd
U�

^6<` dqg lpsohphqwhg lq FDPO

^6;` zlwk EljQxp ^49`1
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Uhihuhqfhv

^4` V1 Deudpvn| dqg D1 Mxqj1 Grpdlq wkhru|1 Lq V1 Deudpvn|/ G1 Jdeed|/ dqg

W1 Pdledxp/ hglwruv/ Kdqgerrn ri Orjlf lq Frpsxwhu Vflhqfh/ yroxph 6/ fkdswhu 4/

sdjhv 4�49;1 Foduhqgrq Suhvv/ 4<<71

^5` D1 Dyl}lhqlv1 Vljqhg0gljlw qxpehu uhsuhvhqwdwlrqv iru idvw sdudooho dulwkphwlf1 LUH

Wudqvdfwlrqv rq hohfwurqlf frpsxwhuv/ +43,=6;<�733/ 4<941

^6` J1 D1 Ednhu1 Hvvhqwldov ri Sdgì dssur{lpdqwv1 Dfdghplf Suhvv/ 4<:81

^7` K1 M1 Erhkp dqg U1 Fduwzuljkw1 H{dfw uhdo dulwkphwlf= irupxodwlqj uhdo qxpehuv

dv ixqfwlrqv1 Lq G1 D1 Wxuqhu/ hglwru/ Uhvhdufk wrslfv lq ixqfwlrqdo surjudpplqj1

Doptylvw dqg Zlnvhoo/ 4<<31 Wkh Xqlyhuvlw| ri Wh{dv \hdu ri Surjudpplqj Vhulhv1

^8` K1 M1 Erhkp/ U1 Fduwzuljkw/ P1 M1 R*Grqqho/ dqg P1 Uljjoh1 H{dfw uhdo dulwk0

phwlf= D fdvh vwxg| lq kljkhu rughu surjudpplqj1 Lq Surfhhglqjv ri wkh 4<;9 DFP

frqihuhqfh rq Olvs dqg Ixqfwlrqdo Surjudpplqj1 DFP/ 4<;91

^9` F1 Euh}lqvnl1 Klvwru| ri frqwlqxhg iudfwlrqv dqg Sdgì dssur{lpdqwv/ yroxph 45 ri

Vsulqjhu vhulhv lq Frpsxwdwlrqdo pdwkhpdwlfv1 Vsulqjhu Yhuodj/ 4<<41

^:` D1 Fkxufk1 Dq xqvroydeoh sureohp lq hohphqwdu| qxpehu wkhru|1 Dphulfdq Mrxuqdo

ri Pdwkhpdwlfv/ 8;=678�696/ 4<691

^;` S1 Gl Jldqdqwrqlr1 Uhdo qxpehu frpsxwdelolw| dqg grpdlq wkhru|1 Lqirupdwlrq dqg

Frpsxwdwlrq/ 45:+4,=45�58/ Pd| 4<<91

^<` D1 Hgdodw1 Grpdlqv iru frpsxwdwlrq lq pdwkhphwlfv/ sk|vlfv dqg h{dfw uhdo dulwk0

phwlf1 Exoohwlq ri V|perolf Orjlf/ 6+7,=734�785/ 4<<:1

^43` D1 Hgdodw dqg S1 M1 Srwwv1 D qhz uhsuhvhqwdwlrq iru h{dfw uhdo qxpehuv1 Lq Sur0

fhhglqjv ri Pdwkhpdwlfdo Irxqgdwlrqv ri Surjudpplqj Vhpdqwlfv 46/ yroxph 9 ri

Hohfwurqlf Qrwhv lq Wkhruhwlfdo Frpsxwhu Vflhqfh1 Hovhylhu Vflhqfh E1 Y1/ 4<<:1

Dydlodeoh iurp kwws=22zzz1hovhylhu1qo2orfdwh2hqwfv2yroxph91kwpo1
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^44` P1 K1 Hvfdugö1 SFI h{whqghg zlwk uhdo qxpehuv1 Wkhruhwlfdo Frpsxwhu Vflhqfh/

495+4,=:<�448/ Dxjxvw 4<<91

^45` O1 Hxohu1 Frpphqwdwlr lq iudfwlrqhp frqwlqxdp txd looxvwulv Od Judqjh srwhvwdwhv

elqrpldohv h{suhvvlw1 Pìprluhv Dfdg1 lpsìu1 Vfl1 Shwhuve1/ 9=6�44/ 4;4604;471

^46` O1 Hxohu1 Dq hvvd| rq frqwlqxhg iudfwlrqv1 Pdwkhpdwlfdo V|vwhpv Wkhru|/ 4;=5<8�

65;/ 4<;81

^47` U1 Z1 Jrvshu1 Frqwlqxhg iudfwlrq dulwkphwlf1 Whfkqlfdo Uhsruw KDN0

PHP Lwhp 434E/ PLW DL PHPR 56</ PLW/ Iheuxdu| 4<:51 Dydlodeoh iurp

iws=22iws1qhwfrp1frp2sxe2ke2kednhu2kdnphp1

^48` J1 Kdug|1 Udpdqxmdq*v froohfwhg sdshuv1 Fkhovhd Sxeolvklqj Frpsdq|/ 4<951

^49` M10F1 Khuyì/ I1 Prudlq/ G1 Vdohvlq/ E1 Vhushwwh/ M1 Yxloohplq/ dqg S1 ]lpphupdqq1

EljQxp= d sruwdeoh dqg h!flhqw sdfndjh iru duelwudu|0suhflvlrq dulwkphwlf1 Whfk0

qlfdo uhsruw1

^4:` S1 Nruqhuxs dqg G1 Z1 Pdwxod1 Dq rq0olqh dulwkphwlf xqlw iru elw0slsholqhg udwlrqdo

dulwkphwlf1 Mrxuqdo ri Sdudooho dqg Glvwulexwhg Frpsxwlqj/ 8+6,=643�663/ 4<;;1

^4;` S1 Nruqhuxs dqg G1 Z1 Pdwxod1 H{sorlwlqj uhgxqgdqf| lq elw0slsholqhg udwlrqdo

dulwkphwlf1 Lq Surfhhglqjv ri wkh b|� LHHH V|psrvlxp rq Frpsxwhu Dulwkphwlf/

sdjhv 44<�459/ Vdqwd Prqlfd/ 4<;<1 LHHH Frpsxwhu Vrflhw| Suhvv1

^4<` S1 Nruqhuxs dqg G1 Z1 Pdwxod1 Dq dojrulwkp iru uhgxqgdqw elqdu| elw0slsholqhg

udwlrqdo dulwkphwlf1 LHHH Wudqvdfwlrqv rq Frpsxwhuv/ F06<+;,=4439�4448/ 4<<31

^53` S1 Nruqhuxs dqg G1 Z1 Pdwxod1 Ilqlwh suhflvlrq oh{lfrjudsklf frqwlqxhg iudfwlrq

qxpehu v|vwhpv1 Lq Surfhhglqjv ri wkh .|� LHHH V|psrvlxp rq Frpsxwhu Dulwk0

phwlf/ sdjhv 53:�547/ Xuedqd/ 4<<81 LHHH Frpsxwhu Vrflhw| Suhvv1

^54` M1 K1 Odpehuw1 Ehlwuçjh }xp Jheudxfk ghu Pdwkhpdwln xqg ghuhq Dqzhqgxqj/

yroxph 4 ri ]zhlwhu Whlo1 Ehuolq/ 4::31
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^55` G1 U1 Ohvwhu1 Yxloohplq*v h{dfw uhdo dulwkphwlf1 Lq U1 Khogdo/ F1 N1 Krovw/ dqg S1 O1

Zdgohu/ hglwruv/ Ixqfwlrqdo Surjudpplqj/ Jodvjrz 4<<4= Surfhhglqjv ri wkh 4<<4

Zrunvkrs/ Sruwuhh/ XN/ sdjhv 558�56;/ Ehuolq/ 4<<51 Vsulqjhu Yhuodj1

^56` F1 Pd}hqf1 Rq wkh uhgxqgdqf| ri uhdo qxpehu uhsuhvhqwdwlrq v|vwhpv1 Whfkqlfdo Uh0

sruw Uhvhdufk Uhsruw <6049/ OLS/ Hfroh Qrupdoh Vxsìulhxuh gh O|rq/ 4<<61 Dydlodeoh

iurp iws=22iws1ols1hqv0O|rq1iu2 sxe2OLS2Udssruwv2UU2UU<62UU<60491sv1]1

^57` Y1 Pìqlvvlhu0Prudlq1 Duelwudu| suhflvlrq uhdo dulwkphwlf= ghvljq dqg dojrulwkpv1

Vxeplwwhg wr wkh Mrxuqdo ri V|perolf Frpsxwdwlrq/ Vhswhpehu 4<<91 Dydlo0

deoh iurp iws=22iws1lquld1iu2LQULD2 Surmhfwv2 fulvwdo2 Ydohulh1Phqlvvlhu2

vxeplvvlrqbMVF1sv1j}1

^58` U1 H1 Prruh1 Lqwhuydo Dqdo|vlv1 Suhqwlfh Kdoo/ Hqjohzrrg Fol�v/ 4<991

^59` M1 P|kloo1 Zkdw lv d uhdo qxpehuB Dphulfdq Pdwkhpdwlfdo Prqwko|/ :<+:,=:7;�:87/

4<:51

^5:` S1 P1 Qhxpdqq/ J1 D1 Vwr|/ dqg H1 F1 Wkrpsvrq1 Jurxsv dqg jhrphwu|1 R{irug

Vflhqfh Sxeolfdwlrqv/ 4<<81

^5;` D1 P1 Qlhovhq dqg S1 Nruqhuxs1 PVE0�uvw gljlw vhuldo dulwkphwlf1 Mrxuqdo ri Xql0

yhuvdo Frpsxwhu Vflhqfh/ 4+:,=85:�87:/ Mxo| 4<<81

^5<` V1 O1 Sh|wrq0Mrqhv1 Duelwudu| suhflvlrq dulwkphwlf xvlqj frqwlqxhg iudfwlrqv/ 4<;71

LQGUD Qrwh 4863/ Xqlyhuvlw| Froohjh Orqgrq1

^63` S1 M1 Srwwv1 Frpsxwdeoh uhdo dulwkphwlf xvlqj olqhdu iudfwlrqdo wudqvirupd0

wlrqv/ Mxqh 4<<91 Hduo| gudiw SkG Wkhvlv/ Lpshuldo Froohjh/ dydlodeoh iurp

kwws=22zzz0wip1grf1lf1df1xn2�sms1

^64` S1 M1 Srwwv dqg D1 Hgdodw1 H{dfw uhdo dulwkphwlf edvhg rq olqhdu iudf0

wlrqdo wudqvirupdwlrqv/ Ghfhpehu 4<<91 Lpshuldo Froohjh/ dydlodeoh iurp

kwws=22zzz0wip1grf1lf1df1xn2�sms1

^65` S1 M1 Srwwv dqg D1 Hgdodw1 H{dfw uhdo frpsxwhu dulwkphwlf1 Whfkqlfdo Uhsruw GRF

<:2</ Lpshuldo Froohjh/ Pdufk 4<<:1 kwws=22zzz0wip1grf1lf1df1xn2�sms1
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^66` S1 M1 Srwwv/ D1 Hgdodw/ dqg P1 K1 Hvfdugö1 Vhpdqwlfv ri h{dfw frpsxwhu dulwkphwlf1

Lq Wzhoiwk Dqqxdo LHHH V|psrvlxp rq Orjlf lq Frpsxwhu Vflhqfh/ sdjhv 57;�58:/

Zduvdz/ Srodqg/ 4<<:1 LHHH Frpsxwhu Vrflhw| Suhvv1

^67` D1 P1 Wxulqj1 Rq frpsxwdeoh qxpehuv zlwk dq dssolfdwlrq wr wkh hqwvfkhlgxqjv

sureohp1 Surfhhglqjv ri wkh Orqgrq Pdwkhpdwlfdo Vrflhw|/ +75,=563�598/ 4<691

^68` M1 Yxloohplq1 H{dfw uhdo frpsxwhu dulwkphwlf zlwk frqwlqxhg iudfwlrqv1 LHHH Wudqv0

dfwlrqv rq frpsxwhuv/ 6<+;,=43;:�4438/ Dxjxvw 4<<31

^69` K1 V1 Zdoo1 Dqdo|wlf wkhru| ri frqwlqxhg iudfwlrqv1 Fkhovhd Sxeolvklqj Frpsdq|/

4<:61

^6:` R1 Zdwdqxnl dqg P1 G1 Hufhjrydf1 Huuru dqdo|vlv ri fhuwdlq  rdwlqj0srlqw rq0olqh

dojrulwkpv1 LHHH Wudqvdfwlrqv rq Frpsxwhuv/ F065+7,=685�68;/ Dsulo 4<;61

^6;` S1 Zhlv/ P1 Dsrqwh/ D1 Odylooh/ P1 Pdxq|/ dqg D1 Vxäuh}1 Wkh FDPO uhihuhqfh

pdqxdo1 Whfkqlfdo Uhsruw 454/ LQULD/ Grpdlqh gh Yroxfhdx/ :;486 Urftxhqfrxuw/

IUDQFH/ Vhswhpehu 4<<31

^6<` V1 Zroiudp1 Pdwkhpdwlfd= d v|vwhp iru grlqj pdwkhpdwlfv e| frpsxwhu1 Doptylvw

dqg Zlnvhoo/ 5 hglwlrq/ 4<<41
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